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Background and Motivation

@ We say that & is a harmonic function with respect to a process X on an
open set D if for each open bounded V C V C D,

h(x) = Ech(Xy,), x€V,

where 7y :=inf{r > 0: X, ¢ V}.
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Background and Motivation

@ We say that & is a harmonic function with respect to a process X on an
open set D if for each open bounded V C V C D,

h(x) = Ech(Xy,), x€V,

where 7y :=inf{r > 0: X, ¢ V}.

@ The statement of the boundary Harnack principle(BHP):
Let D be a domain with a certain geometric property. There exist positive
constants Ry and C such that for any Q € 9D, r € (0, Ro| any positive
harmonic functions # and v w.r.t. X in DNB(Q, r) that vanish continuously
on DN B(Q, r), we have

u(x) <C—=, x,yeDNB(Q,r/2).

u(y) (y)
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Background: BHP of B.M. and Diffusion Processes

@ The boundary Harnack principle(BHP) for Brownian motion in Lipschitz
domain was obtained independently by Ancona (1978), Dahlberg (1977)
and Wu (1978).
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Background: BHP of B.M. and Diffusion Processes

@ The boundary Harnack principle(BHP) for Brownian motion in Lipschitz
domain was obtained independently by Ancona (1978), Dahlberg (1977)
and Wu (1978).

@ The result was generalized to elliptic operator by Caffarelli-Fabes- Mortola-
Salsa (1981) and Fabes-Carofalo-Marin-Malave and Salsa (1988).

@ In 1989, Bass-Burdzy developed a quite different probabilistic method
(also called the ”"box” method) to prove the BHP of Brownian motion in
Lipschitz domain and extended it to more general non-smooth domain.

o Kim-Song (2007) established the BHP for diffusion with measure valued
drifts which belong to some Kato class in Lipschitz domains.
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Pure Discontinuous Processes

@ A stochastic process Z = (Z;, P, x € RY) is called a rotationally symmet-
ric a-stable process with a € (0,2) on R? if it is a Lévy process such that
its characteristic function is given by

E, [e"g’(z’*z")} — 1" for every x € RY.
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Pure Discontinuous Processes

@ A stochastic process Z = (Z;, P, x € RY) is called a rotationally symmet-
ric a-stable process with a € (0,2) on R? if it is a Lévy process such that
its characteristic function is given by

E, [e’f’(z’*z")} — 1" for every x € RY.

@ The infinitesimal generator for rotationally symmetric a-stable process

AP (x) = A(d, —a) » (fx+2) = f(x) = Vf(x) - 2ly<1y) ‘Zﬁfm

@ Truncated symmetric a-stable process is the symmetric a-stable process

/

with large jumps more than 1 removed. Denote by A the operator of

truncated symmetric a-stable process, then

/2

K2 = Alds —a) /{ ) 1) - V) i
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Background: BHP for Pure Jump Processes

@ Bogdan(1997) obtained BHP for rotationally symmetric a-stable process
in bounded Lipschitz domains.
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Background: BHP for Pure Jump Processes

@ Bogdan(1997) obtained BHP for rotationally symmetric a-stable process
in bounded Lipschitz domains.

@ Bogdan(1999) adapted the "box” method developed by Bass-Burdzy to
obtain a probabilistic proof for the BHP for the symmetric stable process
in Lipschitz domain.

@ The BHP result was extended to x-fat open sets by Song-Wu (1999) and
finally to arbitrary open sets by Bogdan-Kulczycki-Kwasnicki (2008).

@ The result has been further extended to more pure jump processes, in-

cluding truncated stable processes by Kim-Song, pure jump subordinate
Brownian motions by Kim-Song-Vondracek, etc.
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Background: BHP for Discontinuous Processes with Gaussian Part

@ Chen-Kim-Song-Vondracek(2012) established the boundary Harnack prin-
ciple for £L = A 4 bA®/? with b € (0,M] in C"»' domain and get the
explicit boundary decay rates.
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@ Chen-Kim-Song-Vondracek(2012) established the boundary Harnack prin-
ciple for £L = A 4 bA®/? with b € (0,M] in C"»' domain and get the
explicit boundary decay rates.

@ The result was extended to subordinate Brownian motions with Gaussian
component by Kim-Song-Vondracek (2013).

Boundary Harnack Principle for Diffusion with



Background: BHP for Discontinuous Processes with Gaussian Part

@ Chen-Kim-Song-Vondracek(2012) established the boundary Harnack prin-
ciple for £L = A 4 bA®/? with b € (0,M] in C"»' domain and get the
explicit boundary decay rates.

@ The result was extended to subordinate Brownian motions with Gaussian
component by Kim-Song-Vondracek (2013).

@ Chen-W.(2018+) established the BHP with explicit boundary decay rate
for a class of diffusion with jumps on C'*! domain under some conditions
on the jump density function.

Boundary Harnack Principle for Diffusion with



The goal

Our aim is to obtain the BHP for a class of diffusion with jumps in Lipschitz
domain.
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The setting

Suppose d > 3 and 0 < a < 2. Define

d
=3 2 (ew(x) a,f<x>) T b(x) - Vf )+ S(), € CARY

S"f(x) := (x+2) = f(x) = Vf(x) - 2lqp<1y) mdl
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Assumptions:

(1) Assume that for each x € R¢, a;;(x) is a symmetric matrix and satisfies
the uniform ellipticity condition and the Holder continuity condition, i.e.

L ywa < ayj(x) < Llgxq.

|laij(x1) — aij(x2)| < clxi —x2|7,  x1,x2 € R,
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Assumptions:

(1) Assume that for each x € R¢, a;j(x) is a symmetric matrix and satisfies
the uniform ellipticity condition and the Holder continuity condition, i.e.

L gya < aij(x) < Llgxg.
|agi(x1) — ajj(x2)] < clxr —x2|”,  x1,x € RY.

(2) We assume that b(+) belongs to Kato class K 01,. Here we say that a function
b€ K} if

timsup [ |y /! bl(3) =0,
B(x,r)

r—0 xERd
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Assumptions:

(1) Assume that for each x € R¢, a;j(x) is a symmetric matrix and satisfies
the uniform ellipticity condition and the Holder continuity condition, i.e.

L™ Iya < aj(x) < Llga.
|laij(x1) — aij(x2)| < clxi —x2|7,  x1,x2 € R,

(2) We assume that b(+) belongs to Kato class K 01,. Here we say that a function
b€ K} if
timsup [ |y /! bl(3) =0,
B(x,r)

r—0 YER4

(3) r(x,z) is a nonnegative real-valued bounded function on R? x R? satis-
fying k(x,z) = K(x, —z) for every x,z € R? and there exist p > 0 and
A > 1 such that
A7 <k(x,z) <A, |7 <p.
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Remarks:

1. By a similar argument as Z.-Q. Chen-E. Hu-L. Xie-X. Zhang(2016), the
fundamental solution of £ exists. Associated with it is a conservative
Feller process X on the canonical Skorokhod space ([0, 00), RY) having
Lévy system (J®(x,y)dy, dt), where J*(x,y) = k(x,y — x)/|y — x|¢T.
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()L =A+b-V+aA*? with a;; = I and k(x,z) = a.
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Remarks:

1. By a similar argument as Z.-Q. Chen-E. Hu-L. Xie-X. Zhang(2016), the
fundamental solution of £ exists. Associated with it is a conservative
Feller process X on the canonical Skorokhod space ([0, 00), RY) having
Lévy system (J®(x,y)dy, dt), where J*(x,y) = k(x,y — x)/|y — x|¢T.

2. In general, the operator £ is a nonsymmetric operator. It covers the two
examples as belowing:

()L =A+b-V+aA*? with a;; = I and k(x,z) = a.
QL=A+b-V+ aA®"? with aj = I and k(x,z) = al|; < (2).

3. Kim-Song-Vondracek(2013) presented a counterexample that the BHP
does not hold for A + Za/ ? even on half space. Some structures of the
jumps are needed to establish the boundary Harnack principle.
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Assumption (A1):

For each set F C R? and each u € F¢, define
Auri={y € F:J(y,u) > 0}.
For each x € R¢ and r > 0, define

||&lx,r :=esssup{k(y,u —y): y € B(x,r),u € B(x,4r)“}.
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Assumption (A1):

For each set F C R? and each u € F¢, define
Auri={y € F:J(y,u) > 0}.
For each x € R¢ and r > 0, define
||&lx,r :=esssup{k(y,u —y): y € B(x,r),u € B(x,4r)“}.

Assumption (Al): There exist positive constants ¢ and ¢ such that for any
re(0,6),x e R andu € {u € B(x,4r) : m(A, g(ry) > 0},

1
r"/ J¥(p,u)dy = el (w,w), - w € Blx, ).
B(x,2r)
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Theorem:(Harnack principle)

Suppose Assumption (A1) holds. There exist two positive constants § =
§(d,a) and C = C(d,a, ) such that for any x € RY r € (0,0) and any
nonnegative bounded harmonic function /4 with respect to X in B(x, r),

h(y1) < Ch(yz2), yi1,y2 € B(x,r/4).
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Assumption (A2):

Suppose D is a Lipschitz domain with characteristic (R, A). Fix a constant
n € (0,1/4). For each r € (0,R) and Q € 0D, define the interior set” of
DNB(Q,r)

Qo =1{y€DNB(Q,7) : dprp(g.n(y) > nr}.
For each Q € OD and r € (0, R), define

|lkllo.p,r :=esssup{k(y,u—y): y € DNB(Q,r),u € B(Q,4r)}.
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Assumption (A2): There exist two positive constants R} € (0,R) and ¢ > 0
such that for any r € (0,R;), Q € 9D and

uc {u c B(Q,4r)c : n’l(AmDnB(QJ)) > 0} s

we have

1
/ (v, uydy > e\"levs(w ), we DNB(Q,r).
Qn,Zr,Q
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Assumption (A2): There exist two positive constants R} € (0,R) and ¢ > 0
such that for any r € (0,R;), Q € 9D and

uc {M S B(Qa4r)c : m(Au,DﬂB(Q,r)) > 0} ’

we have

1
/ (v, uydy > e\"levs(w ), we DNB(Q,r).
rd Qn,Zr,Q

Remark:

1. The condition (A2) is restricted on large jumps of X from small sets near
the boundary of D.
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Assumption (A2): There exist two positive constants R} € (0,R) and ¢ > 0
such that for any r € (0,R;), Q € 9D and

uc {M S B(Qa4r)c : m(Au,DﬂB(Q,r)) > 0} ’

we have

1
/ (v, uydy > e\"levs(w ), we DNB(Q,r).
rd Qn,Zr,Q

Remark:
1. The condition (A2) is restricted on large jumps of X from small sets near
the boundary of D.

2. Roughly speaking, the assumption (A2) tells that if X has large jumps
from D N B(Q, r) to B(Q, 4r)¢, then it is required that there have enough
jumps from the “interior set” €2, 5, o of D N B(Q, 2r) to B(Q, 4r)°.
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Main Result

Chen-W. 2018+ (BHP in Lipschitz domain)

Suppose Assumptions (A1) and (A2) hold. For each Lipschitz open set D
with characteristics (R, A), there exists a positive constant C such that for all
Q € 0D, r € (0,R] and all functions & > 0,k = 1,2 on R? that are harmonic
with respect to X in D N B(Q, r) and vanish continuously on D N B(Q, r), we

have
hy (x) ha (x)
o) = S’

x,y € DNB(Q,r/2).
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Theorem 1: Suppose that A > 0. For any Lipschitz domain D with character-
istics (R, A), there exists a positive constant C = C(d, o, R, A, A) such that for
Q € dD,r € (0,R],A"" < k(x,z) <A and all functions i > 0,k = 1,2 on
R¢ that are harmonic with respect to X in D N B(Q, r) and vanish continuously
on DN B(Q, r), we have

=
~—

=
(8]
—

=
~—

1(x
1(y

<cC

x,y € DNB(Q,r/2).

=
~—

=
[\
P
~<
~—

Remark:
L = A+ aA*/? with aj =1 and k(x,z) = a.
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Theorem 2: Suppose that A > 0. For each Lipschitz open set D with character-
istics (R, A), suppose there exists a constant ¢ = ¢(d, R, A) > 0 such that for
any r € (0,R), Q € dD and u € {u € B(Q,4r) : m(H,p,,) > 0},

/ Hsiz1 () dy > cr”.
Q;@,2r,Q

Then there exists a positive constant C = C(d, o, R, A, A) such that for Q €
OD,r € (0,R], A" <1 (z) < k(x,z) <Al < (z) for x € R¢ and all func-
tions /i > 0,k = 1,2 on RY that are harmonic with respect to X in DN B(Q, r)
and vanish continuously on D N B(Q, r), we have

1(x) h (x)
1(y) = ha(y)’

=

<c x,y € DNB(Q,r/2).

=

Remark: )
L =A+ar"? with a; = I and K(x,z) = aly, <1y (2)-
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Main Method

Bass-Burdzy (1989) developed a probabilistic method (also called the “box™
method) to prove the BHP of Brownian motion in Lipschitz domain. Bog-
dan(1999) adapted this method in the symmetric stable process.

We shall use this method in our case to prove the BHP in Lipschitz domain.
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An open set D in R? (when d > 2) is said to be Lipschitz domain if there exist
a localization radius R > 0 and a constant A > 0 such that for every Q € 9D,
there exist a Lipschitz function ¢ = ¢ : R4~ — R satisfying

$(0) = Vo(0) =0, [p(z1) — ¢(z2)| < Alzi — 22|, 21,20 € RT!

and an orthonormal coordinate system CSp : y = (y1,- -+, Ya—1,Ya) =: (¥,Ya)
with its origin at Q such that

B(Q,R)ND ={y = (y,ya) € B(O,R) inCSq : ya > ¢(¥)}-

The pair (R, A) is called the characteristics of the Lipschitz domain D.
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”Box’> Method

@ For each Q € dD and x € B(Q, R), define the vertical distance from x to
0D by

pQ(x) =x! - ¢Q(xl7 T 7xd_1)

where (x!,- -+, x) is the coordinate of x in CSp.

)
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”Box’> Method

@ For each Q € dD and x € B(Q, R), define the vertical distance from x to
0D by
po(x) = x! = do(x', - x4
where (x!,- -+, x) is the coordinate of x in CSp.

@ For each Q € dD, define the "box”

)

A(Q’a7R) = {y € CSQ 10 < pQ(y) <a, ‘(ylv" : ayd_l)’ < R}

V(Q,a,R) ={y € CSp: —a< po(y) <0,|0", -,y " <R}
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Let Q € OD. For the "box” A(Q, a, La), we define

SA(QaLa = (Q, ( l)a) \ A(QaaaLa)
UA(Q,a,La) = (Q7 2a, ( + l)a) \ A(Qv a, (L + 1)61)
WA(Q,a,La) = [A(Qa 2a, (L + 1)61) U V(Qv 2a, (L + l)a)]t
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VI(Q,2a,(L+1)a

Wai0.uLa)
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@ Let & be a harmonic function in A(Q,4r, 10r) and vanishes continuously
on V(Q, 4r,10r). Then for x € A(Q, r,r),

h(x) =Ech(Xry g0 )
iE [ ( TA(Q,2r 8r)> XTA(Q,ZV,8V> S SA(Q,ZI',SI‘)}
Eclh(Xra02msn ) Xra@arsn € Unio2rsn)

[h( TA(Q:2r8r) ) XTA(Qﬂr,sr) € WA(QQnSr)]
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Main goal:
Forx € A(Q,r,r),

h(x) =< h(xo)Px<XTA(Q,2r,8r) € UA(Q,ZF,Sr))’
where xo € D N B(Q, r) with dp(xo) = r/2. Thus,

h(x) _ Pu(X;, € Ua)
h(y) ~ Py(Xry € Un)’

x,y € A(Q,r,r).

That is, the BHP holds.
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Proposition:(Key estimates)
There exists ¢ > 0 such that for any Q € 9D and x € A(Q, r, r), we have

Px(Xraorsr € Sa2r81) < Pr(Xrn 500 € Un(orsn)-
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Proposition:(Key estimates)

There exists ¢ > 0 such that for any Q € 9D and x € A(Q, r, r), we have

Pr(Xra 028 € Sa@2r8n)) < Px(Xrp 005 € Un(o2rsn)-

Lemma 1:

| \

There exist positive constants ¢,k = 0, 1 such that for every Q € dD,a <
0,L>1landx € A(Q,a,La/2)

]P)X(XTA(QMH) € SA(,a,La)) < c1exp(—col) + claz_"‘(L -+ 1)_(1+°‘).

.
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Proposition:(Key estimates)

There exists ¢ > 0 such that for any Q € 9D and x € A(Q, r, r), we have

Pr(Xra 028 € Sa@2r8n)) < Px(Xrp 005 € Un(o2rsn)-

| \

Lemma 1:

There exist positive constants ¢,k = 0, 1 such that for every Q € dD,a <
0,L>1landx € A(Q,a,La/2)

]P’X(XTA(QMH) € SA(,a,La)) < c1exp(—col) + claz_"‘(L -+ 1)_(1+°‘).

Lemma 2:

| \

There exist positive constants ¢ and 3 such that for every Q € dD,a < §,L > 1
andy € A(Q,a/2,a), we have

Py (Xra g1 € Un(at) = € (5D(y)>6 + e ()P (5D(y))a.

a a

A
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Proposition: (Carleson estimate)

There exists a constant ¢ such that for any 0 < r < R,Q € 0D and any
nonnegative harmonic function / in DNB(Q, r) which vanishes in D°NB(Q, r),
we have

h(x) < ch(xg), x€DNB(Q,r/2),

where xo € D N B(Q, r) with dp(xo) = r/2.
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Proposition: (Carleson estimate)

There exists a constant ¢ such that for any 0 < r < R,Q € 0D and any
nonnegative harmonic function # in DNB(Q, r) which vanishes in D°NB(Q, r),
we have

h(x) < ch(xg), x€DNB(Q,r/2),

where xo € D N B(Q, r) with dp(xo) = r/2.

Estimates in small range
Let A := A(Q,2r,8r). Forx € A(Q,r,r),

| A\

Ex[h(XTA)?XTA € SA] + Ex[h(XTA)’XTA € UA]
Sclh(xo)(IP)x[XTA S SA] + PX[XTA € UA])
SCQh()C())Px[XTA & UA].

where xo € D N B(Q, r) with dp(xo) = r/2.

A,
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Estimates for large jumps

Suppose D is an open set in R? and 4 is a non-negative function, we have

B0 Xy 2 X] = [ [ B T2 ) st a

Let A := A(Q,2r,8r). Hence, forx € A(Q,r,r),

Euh(Xo0 ), Xon € Wa] = /W /GX |d+}2h(u)dydu.
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Estimates for large jumps

Suppose D is an open set in R? and 4 is a non-negative function, we have
y)
BN Xope # X) = [ [ @) T s
Let A := A(Q,2r,8r). Hence, forx € A(Q,r,r),
o))
Ex[h(X7,), X7y € Wal = /"VA/ GX (x |d+a —————"h(u) dy du.

By the assumption (A2), for x € A(Q, r, 1),
Ex[h(Xr0 ), Xrs € Wa] < ch(x0)Py(Xry € Un),

where xo € D N B(Q, r) with dp(xo) = r/2.
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Proof of BHP

1. Let & be a harmonic function in A(Q, 4r, 10r) and vanishes continuously
on V(Q,4r,10r). Let A := A(Q, 2r,8r). Then for x € A(Q, r, ),

h(x) :Ex[h(XTA);XTA € Sa] + Ex{h(xm);xm € Ua]
+ Ex[h(Xry); Xrp € WA
<ch(xo)Px(X-, € Un),

where xo € D N B(Q, r) with dp(xo) = r/2.
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Proof of BHP

1.

Let & be a harmonic function in A(Q, 4r, 10r) and vanishes continuously
on V(Q,4r,10r). Let A := A(Q, 2r,8r). Then for x € A(Q, r, ),

h(x) :Ex[h(XTA);XTA € Sa] + Ex{h(xm);xm € Ua]
+ Ex[h(Xry); Xrp € WA
<ch(xo)Px(X-, € Un),

where xo € D N B(Q, r) with dp(xo) = r/2.

. On the other hand, by the assumption (A1) and the Harnack principle,

h(x) = Ex[h(X7y); Xry € Ua]
> ch(xp)Py(X;, € Un).
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Proof of BHP

1.

Let & be a harmonic function in A(Q, 4r, 10r) and vanishes continuously
on V(Q,4r,10r). Let A := A(Q, 2r,8r). Then for x € A(Q, r, ),

h(x) :Ex[h(XTA);XTA € Sa] + Ex{h(xm);xm € Ua]
+ Ex[h(Xry); Xrp € WA
<ch(xo)Px(X-, € Un),

where xo € D N B(Q, r) with dp(xo) = r/2.

. On the other hand, by the assumption (A1) and the Harnack principle,

h(x) = Ex[h(X7y); Xry € Ua]
> ch(xp)Py(X;, € Un).

. Hence, h(x) < h(xo)Py(X;, € Un).

Boundary Harnack Principle for Diffusion with



Thank you!
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